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1. Introduction 
Let m, n be integers, m <n. A near-Skolem sequence of order n and defect m is 
a sequence S=(s1,s2, . . . . s,,_,)ofintegers.~~{1,2 )..., m-l,m+l, . . . . n) whichsatis- 
fies the following conditions: 
(1) For every ke{1,2 ,..., m-l,m+l,..., n) there are exactly two elements si, Sj~S, 
such that si = sj = k. 
(2) If si=sj=k then j-i=k. 
A hooked near-Skolem sequence of order n and defect m is a sequence 
HS = (si , s2 ,. . . , szn _ 1) of integers Sip{ 1,2, . . . , m - 1, m + 1, . . . , n} satisfying conditions 
(1) (2) and the condition: 
(3) s+z=o. 
We will refer to near-Skolem and hooked near-Skolem sequences of order n and 
defect m as m-near-Skolem and hooked m-near-Skolem sequences, respectively. 
Skolem (1957) [9] showed that the set (1,. . . , 2n) can be partitioned into distinct 
pairs (a,, b,) such that b,-a, =I, r = 1, . . _, n. He proved that the necessary and suffi- 
cient condition for the existence of such partition is n = 0,l (mod 4). O’Keefe (1961) [7] 
proved that the necessary and sufficient condition for partitioning the set 
(1, . . . ,2n - 1,2n + 1) into distinct pairs (a,, b,) such that b,- a,=r, r= 1, . . ., n, is 
n=2,3 (mod4). The results of Skolem and O’Keefe led to the construction of cyclic 
Steiner triple systems of order v E 1 (mod 6). 
Note that if we did not skip the difference m in the above definitions, we would 
obtain the definitions of Skolem and hooked Skolem sequences, respectively. The pairs 
of subscripts (i, j) whenever si = sj= k give the required partitioning in both Skolem 
and O’Keefe cases. 
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Near-Skolem sequences were introduced, in effect, by Stanton and Goulden [ 111, in 
particular, for the purpose of constructing cyclic Steiner triple systems. They asked for 
a set of n- 1 pairs P(l, n)/m with each of the integers of { 1, . . . ,2n-2) appearing 
exactly once and each of the integers of { 1, . . . , m - 1, m + 1, . . . , n> occurring as a differ- 
ence exactly once. 
For example, the pairs (3,4), (6,8), (1,5), (2,7) form a P(l, 5)/3; the corresponding 
3-near-Skolem sequence of order 5 is 
4,5,1,1,4,2,5,2. 
Billington applied near-Skolem sequences to obtain several types of designs. (See 
[ 1,2,6] for more details; for more details on cyclic Steiner triple systems, see [4].) 
If we did not skip the distance m in the above definition of a hooked near-Skolem 
sequence, and allowed the hook (i.e. the Symbol 0) to occur anywhere in the sequence, 
we would obtain the definition of the extended Skolem sequence. Alternatively, an 
extended Skolem sequence is a hooked Skolem sequence but the hook need not 
appear at the position 2n. Billington [l] conjectured that the obvious necessary 
conditions (which are just parity conditions) are sufficient for the existence of extended 
Skolem sequences with 0 in a prescribed position. This conjecture is still open. 
The concept of near-Skolem sequences resembles that of the extended Skolem 
sequences, but the two are not likely to be equivalent. 
In this paper we prove that the obvious arithmetic necessary conditions for the 
existence of near-Skolem, and hooked near-Skolem sequences (see Section 2) are also 
sufficient. 
2. Necessity 
In this section we find the necessary conditions for the existence of near-Skolem, 
and hooked near-Skolem sequences, respectively. We need to determine what possible 
values m can take. For example, there exist 6-,4- and 2-near-Skolem sequences of 
order 7: 
7,1,1,2,5,2,4,7,3,5,4,3 
1, 1,6,3,7,5,3,2,6,2,5,7 
1, 1,5,6,7,3,4,5,3,6,4,7 
and there exist hooked 7-, 5-, 3- and 1-near-Skolem sequences of order 7: 
1,1,3,4,5,3,6,4,2,5,2,0,6 
2,3,2,6,3,7,4,1,1,6,4,0,7 
2959294,679 5,4,1,1,6,0,7 
2,5,2,6,4,7,5,3,4,6,3,0,7, 
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but there is no m-near-Skolem sequence of order 7 when rn is odd, and no hooked 
m-near-Skolem sequence of order 7 if nz is even. 
Lemma 1. Necessary conditions for the existence of an m-near-Skolem sequence of 
order n are: 
(1) if n =O, 1 mod 4 then m must be odd; 
(2) zf n = 2,3 mod 4 then m must be even. 
Necessary conditions for the existence of a hooked m-near-Skolem sequence of order 
n are: 
(3) if n -0,l mod 4 then m must be even; 
(4) if n = 2,3 mod 4 then m must be odd. 
Proof. The proof follows the reasoning of [9]. Consider first the case of a near-Skolem 
sequence. We consider the sum of all sums, and the sum of all differences of the 
subscripts i, j when si = Sj = k 
(a) k=l ,C,=. _(i+j)=2n2-3n+L 
7 ,L, 
04 k=l ,,g,= _ (i-i)=n(n+1Y2--m, 
, , s,-s, 
Subtracting (b) from (a) gives 
2 i i = (3n2 - 7n + 2m + 2)/2. 
k=l,k#m,k=s,=sj 
This implies that (n(3n - 7) + 2(m + 1))/4 must be an integer. 
Solving for n and m, we obtain conditions (1) and (2). 
Similarly, in the case of the hooked near-Skolem sequence, we have 
(a’) k=l ,C,=,=, (i+j)=2n2-3n+2, 
3 3 1, 
00 f: j-i=n(n+1)/2-m. 
k=l,k+m,k=s,=s, 
Subtracting (b’) from (a’) gives 
2 
k=l,k$k=s =s’ 
i = i(3n2 - 7n + 2m + 4)/2. 
I , 
This implies that (n(3n - 7) + 2(m + 2))/4 must be an integer. 
Solving for n and m, we obtain conditions (3) and (4). 0 
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3. SufFiciency 
In this section we prove our two main theorems (Theorem 3 and Theorem 4) 
showing that the above necessary conditions are sufficient for the existence of 
near-Skolem, and hooked near-Skolem sequences, respectively. In the process we will 
use some of the known results [3,5,7,9, lo] to handle the cases when our construc- 
tions degenerate. 
First we need some more definitions. A Landord sequence is a generalization of 
a Skolem sequence. We use the same notation as in [3, lo]: 
A sequence {d, d + 1, . . . , d +p - I} of p consecutive positive integers is said to be perfect 
Landord if the integers { 1,2, . . . , 2~) can be arranged in disjoint pairs { (ai, bi) : 1 d i < p} 
sothat{bi-ai:l<i<p}={d,d+l,..., d + p - l}. A sequence is hooked Landord if the 
set { 1,2,. . . ,2p - 1,2p + l} can be arranged to satisfy the same condition. 
For example, 4,2,3,2,4,3 is a perfect Langford sequence with d = 2 and p = 3, and 
6,4,2,5,2,4,6,3,5,0,3 is a hooked Langford sequence with d = 2 and p = 5. 
Theorem 1 ([lo]). Necessary and sufJicient conditions for the sequence {d, d + 1, . . . , 
d + p - 1) to be perfect Lang$ord are: 
(1) p>2d-1. 
(2) p=O, 1 (mod 4), for d odd and, p =2,3 (mod 4), for d even. 
Theorem 2 ([lo]). Necessary and sufficient conditions for the sequence {Ad + 1, . . . . 
d +p - 1) to be hooked Landord are: 
(1) p(p+ 1-2d)+2>0. 
(2) p-2,3 (mod 4) for d odd and, p- 1,2 (mod 4) for d even. 
Lemma 2. (i) The existence of a SkoIem sequence of order t, t ~0, 1 (mod 4) implies the 
existence of a (t + 1)-near-Skolem sequence of order q, where q > 3t + 4, and: 
(a) if t c 0 (mod 4) then q = 0,l (mod 4), 
(b) if t E 1 (mod 4) then q = 2,3 (mod 4). 
(ii) The existence of a Skolem sequence of order t, t ~0, 1 (mod 4) implies the 
existence of a hooked (t + l)-near-Skolem sequence of order q, where q>3t +4, and: 
(a) if t=O (mod 4) then q-2,3 (mod4), 
(b) ij” t E 1 (mod 4) then q = 0,l (mod 4). 
(iii) The existence of a hooked Skolem of order t, t = 2,3 (mod 4) implies the existence 
a (t+ 1)-near-Skolem sequence of order q, where q>3t +4, and: 
(a) if t=2 (mod 4) then q-O,1 (mod 4), 
(b) if t E 3 (mod 4) then q = 2,3 (mod 4). 
(iv) The existence of a hooked Skolem of order t, t = 2,3 (mod 4) implies the existence 
a hooked (t + 1)-near-Skolem sequence of order q, where q 3 3t + 4, and: 
(a) $ t E 2 (mod 4) then q = 2,3 (mod 4), 
(b) if t=3 (mod 4) then 4~0, 1 (mod 4). 
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Proof. The proof is a direct consequence of Theorems 1, 2: 
For instance, in case (i) there exist a Skolem sequence of order t, t = 0,l (mod 4). 
Append to this sequence a Langford sequence with d = t + 2. By condition (1) of 
Theorem 1, p>2(t+2)- 1. This implies that the order q(q=~+d-1) of the (t+ l)- 
near-Skolem must be > 3t +4. By applying the parity condition (2) of Theorem 1, to p, 
we get the required parity for q. 
The other cases are similar. 0 
For example, if we take a Skolem sequence of order 4; 1, 1,4,2,3,2,4,3, and append 
a Langford sequence with d = 6, p = 14, say, 
15,13,11,9,7,16,14,12,10,8,6,7,9,11,13,15,6,8,10,12,14,16 
we get a 5-near-Skolem sequence of order 15 
1,1,4,2,3,2,4,3,15,13,11,9,7,16,14,12,10,8,6,7,9,11,13,15, 
6,8,10,12,14, 16. 
If we take a hooked Skolem sequence, 1, 1,2,0,2, and append to it a perfect 
Langford sequence with d = 4 and p = 9, say, 
9,7,5, 10,8,6,4,5,7,9,4,6,8,10, 
we get a hooked 3-near-Skolem sequence of order 10 
9,7,5,10,8,6,4,5,7,9,4,6,8,10,1,1,2,0,2. 
Lemma 2 will be used to handle some of the small cases of the main theorems. 
However, it is clear, that this method cannot cover all cases. 
Theorem 3. An m-near-Skolem sequence of order n exists if and only if n = 0,l (mod 4) 
and m is odd, or n-2,3 (mod 4) and m is etlen. 
Proof. Necessity was proved in Lemma 1. 
For sufficiency we have to distinguish 8 cases. In each case, solution is given in 
a form of a table. The first two columns of the table give the two subscripts of si and Sj, 
and the third column gives the difference k. 
Case 1: n-0 (mod 8). 
For m= 1, the 1-near-Skolem sequence is a perfect Langford sequence with d=2, 
which exists by [S, 81, so we will skip all the subsequent cases when m= 1. 
For n>m>l, let n=8s,m=2t+l. See Table 1. 
Case 2: n- 1 (mod 8). 
For m= 3, by Lemma 2(iii)(a), the existence of the hooked Skolem sequence 
1, 1,2,0,2, will produce solutions for all cases where n > 9. 
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Table 1 
Skip the line ( * ) for the case n= 8 
8s+r- 1 16s-r-2 
12s-r-2 12s-t-1 
12s-t+r 12s+t-r-l 
4s+r 12s-r 
2r-1 8s-2r-3 
2r 8s-2r 
2s-1 2s+l 
*4s-1 8s-3 
2s+2r+ 1 6s-2r-1 
8s-2r- 1 O<r<4s-t-2 
1 . . . . . . . . . . 
2f-2r-1 O<r<t-2 
8s-2r O<r< 1 
8s-4r-2 1 Qr<s-1 
8s-4r l<rd2s-1 
I 
L 
4s-2 
4s-4r-2 1 <r<s-2 
Table 2 
Skip the lines (*) in the case n = 17 and add the pairs (1,3), (2,6), (5,8), (4,12) and 
(7,13) 
8s+r-2 
12s-t-2 
12s-t+r 
12s-2 
4s+r 
*4s+r-2 
*r 
*2s- 1 
*2s+r+3 
*2s-3 
‘2s-2 
*2s+ 1 
16s-r-1 8s-2r+ 1 
12s-t-1 1 
12s+t-r- 1 2t-2r-1 
16s 4sf2 
12s-r+2 8s-2r+2 
8s-r-2 4s-2r 
8s-r-4 8s-Zr-4 
6s-1 4s 
6s-r-1 4s-2r-4 
2s 3 
2s+2 4 
2s+3 2 
O<r<4s-t-l 
Ogr<t-3 
1 <r<3 
l<r<2 
1 <r<2s-4 
1 $r<2s-5 
For n=9 and 9 3m>3, we list them: 
n=9 and m=3 
7,2,8,2,5,6,9,7,4,5,8,6,4,1,1,9 
n=9 and m=5 
2,8,2,L 1,fi 9,7,4,8,3,6,4,3,7,9 
n=9 and m=7 
1, 1,6,2,8,2,9,4,6,5,3,4,8,3,5,9 
n = 9 and m = 9 is a Skolem sequence of order 8. 
For all the remaining cases where n 2 m > 3, and n > 9, let n = 8s + 1 and m = 2t + 1 
See Table 2. 
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Table 3 
i i k 
8s+r 16s-r+2 
12s+t 12s+t+l 
12s-t+r 12s+t--r 
4s+r-1 12s-r+2 
1 4 
2 4s-1 
3+2r 8s-2r-2 
6+2r 8s-2r-1 
6s-1 6s+l 
2s+r+3 6s-r-2 
8s-2r+2 O<r<4s-t 
1 . 
2t-2r 1 <r<t-2 
8s-2r+3 l<r<3 
3 
4s-3 . . . . . . . . 
8s-4r-5 O<r<s- 1 
8s-4r-7 O<r<s-2 
2 . . . . . . . 
4s-2r-5 O<r<2s--5 
Case 3: n z 2 (mod 8). 
For m=2, by Lemma 2 (i)(b) the existence of the Skolem sequence 1, 1, provides 
solutions for all cases where n> 10. 
For m = 2 and n = 2, obviously 1,l is the required sequence. 
For n = 10 and 10 > m 2 4 we list them: 
n= 10 and m=4 
3,9,2,3,2,7,5,10,8,6,9,5,7,1,1,6,8,10 
n= 10 and m=6 
3,9,2,3,2,7,5,10,8,4,9,5,7,4,1,1,8,10 
n=lO and m=8 
3,9,2,3,2,7,5,10,6,4,9,5,7,4,6,1,1,10 
n= 10 and m= 10 is a Skolem sequence of order 9. 
For all the cases where n 3 m > 2 and n > 10, let n = 8s + 2, m = 2t. See Table 3. 
Case 4: nz3 (mod 8). 
For m = 2, by Lemma 2(i)(b) the existence of the sequence 1,1 provides solutions for 
all cases where n > 11. 
For n=3 and m=2 
3,1,1,3. 
For n=ll and llZm>4 we list them: 
n= 11 and m=4 
2,3,2,5,3,11,9,7,5,10,8,6,1,1,7,9,11,6,8,10 
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Table 4 
i j k 
8s+r+2 16s-r+4 8s~2r+2 
12s--t+r+5 12s+t-r+3 2t-2r-2 
12s~t+3 12s-t+4 1 
4s+r 12s-r+5 8s-2r+5 
8s 12s+5 4s+5 
2f2r 8s+l-2r 8s-4r- 1 
2s-3 2s-1 2 
1+2r 8s-2r-2 8s-4r-3 
2s+r 6s+3-r 4s-2r+3 
n= 11 and m=6 
2,3,2,5,3,11,9,7,5,10,8,1,1,4,7,9,11,4,8,10 
n= 11 and m=8 
2,3,2,5,3,11,9,7,5,10,1,1,6,4,7,. 9,11,4,6,10 
n=ll and m=lO 
2,3,2,5,3,11,9,7,5,1,1,8,6,4,7,9,11,4,6,8. 
For the remaining cases where n>m> 2 and n> 11, let n= 8s+3 and m=2t. See 
Table 4. 
Case 5: n-4 (mod 8). 
For m=3, by Lemma Z(iii)(a) the existence of the hooked Skolem sequence 
, 1,2,0,2 provides solutions for all cases where n 2 12. 
For n=4 and m=3 
2,4,2, 1, 1,4. 
For n= 12 and 12>m>3 we list them: 
n= 12 and m=5 
8,12,4,6,3,10,4,3,8,6,11,9,7,12,2,10,2,1,1,7,9,11 
n= 12 and m=7 
8,12,4,6,3,10,4,3,8,6,11,9,5,12,2,10,2,5,1,1,9,11 
n= 12 and m=9 
8,12,4,6,3,10,4,3,8,6,11,7,5,12,2,10,2,5,7,1,1,11 
n=12 and m=ll 
8,12,4,6,3, 10,4,3,8,6,9,7,5,12,2,10,2,5,7,9, 1, 1. 
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Table 5 
i i k 
8s+r+3 16s-r+6 8s-2rf3 
12s-t+4 12s-t+5 1 
12s~-t+r+6 12s+C-r+5 2t-2r- I 
4s+r+2 12s-r+8 8s-2r+6 
8s+2 12s+4 4s+2 
4s+r 8s+2-r 4s-2rf2 
1+r 8s-r- 1 8s-2r-2 
2s+r+5 6s-r+ 1 4s-2r-4 
2s-1 2s+2 3 
2s 2sf4 4 
2s + 1 2s+3 2 
O<r<4s-t 
..,,........ 
O<r<t-3 
l<r<3 
1 <r<2 
Ofr<Zs-3 
O<r<2s-5 
Table 6 
i j k 
8s+r+3 16s-r+8 
12s-t+5 12s-t+6 
12s-t+r+7 12s+t-r+6 
4s+r+2 12s-r+8 
2 4s+2 
1 f2r 8s-2r+l 
4+2r 8s-2r+2 
2s+l 2s+3 
2s+r+4 6s-r+2 
8s-2r+5 O<r<4s-t+l 
1 . . . . . . . 
2t-2r-1 O<r<t-2 
8s-2r+6 l<r<2 
4s 
Ss-4r O<r<s-1 
8s-4r-2 O<r<s-1 
2 . . . . . . . 
4s-2r-2 O<r<2s-3 
For all the remaining cases where n > m > 3 and n > 12, let n = 8s + 4, m = 2t + 1. See 
Table 5. 
Case 6: n = 5 (mod 8). 
We only list the case of n=5. 
n=5 and m=3 
4,2,5,2,4,1, 1,s 
n = 5 and m = 5 is a Skolem sequence of order 4. 
For all narn> 1 and n>5, let n=8s+5,m=2t+ 1. See Table 6. 
Case 7: n-6 (mod 8). 
For m = 2, by Lemma 2(i)(b), the existence of the sequence 1,1 provides solutions for 
all cases where n>, 14. 
For n=6 and m=2 
5,6,1,1,4,5,3,6,4,3 
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Table I 
i j k 
8s+r+4 16s-r+ 10 
12s+t+6 12s+t+7 
12s-t+r+7 12s+t-r+5 
8s+2 12s+5 
4s+r+ 1 12s-r+8 
1+2r 8s-2r 
2+2r 8s-2r+3 
2s-1 2s+l 
2s+r+2 6s-r+3 
8s+6-2r Ogrg4s-t+2 
1 
2t-2r-2 O<r<t-3 
4s+3 . . . . . . . . . . . 
8s-2rf7 1 <i-G2 
8s-4r- 1 O<r<s-2 
8s-4r+ 1 O<r<s-1 
2 
4s-2r+l O<r<2s-1 
Table 8 
8s+r+6 16s-r+12 
12s+t+8 12s+t+9 
12s-t+r+9 12s+t-r+7 
8s+4 12s+7 
4s+r+l 12s-r+lO 
1+2r 8s-2r+2 
2+2r 8s-2r+5 
6s+2 6s+5 
4s-1 4s+l 
2s+2r+ I 6s-2r 
2s+2r+2 6s-2r+3 
8s-2r+6 Ogr<4s-tf2 
1 
2t-2r-2 OgrSt-3 
4s+3 
8s-2r+9 1 <r,<Z 
8s-4r+ 1 O<r<s-1 
8s-4r+3 O<r<s-1 
3 
2 
4s-4r- 1 O<r<s-2 
4s-4r+ 1 O<r<s-1 
For n=6 and n=4 
5,LL 6,3,5,2,3,2,6 
n = 6 and m = 6 is a Skolem sequence of order 5. 
For all the remaining cases where nkm>2 and n>6, let n=8s+6, m=2t. See 
Table 7. 
Case 8: n = 7 (mod 8) 
For m=2, by Lemma 2(i)(b), the existence of 1,1 provides solutions for all n>7. 
We list the remaining cases of n=7: 
n=7 and m=4 
3,7,5,3,2,6,2,5,7,1,1,6 
n=7 and m=6 
3,7,5,3,2,4,2,5,7,4,1,1. 
For all n>m>2 and n>7, let n=8s+7 and m=2t. See Table 8. 
This completes the proof of Theorem 3. 0 
N. Shalabqtj Discrere Mathematics 135 (1994) 303-319 313 
Table 9 
i j k 
1+r Ss-r+ 1 
4s--t+ 1 4s-t+2 
4s--t+r+3 4s+t-r+l 
4s+3 8Sf2 
4s+r 12s-r+l 
8s+2r+4 16s-2r- 1 
8s+2r+3 16s-2r-4 
14s-1 14Sfl 
IOs+r+ 1 14s-r-2 
8s-2r O<r<4s-r-l 
1 
2t-2r-2 O<rft-3 
4s-1 
8s-2rf 1 1 <r<2 
8s-4r-5 O<rfs-2 
8s-4r-7 O<rfs--2 
2 . . . . . . . . . . 
4s-2r-3 O<r<2s-3 
Theorem 4. A hooked m-near-Skolem sequence of order n exists f and only if n - 0,l 
(mod 4) and m is even or n E 2,3 (mod 4) and m is odd. 
Proof. Case 1. n = 0 (mod 8). 
For m=2, by Lemma %(ii)(b), the existence of the Skolem sequence 1, 1, provides 
solutions for all the cases of n>S. 
For n 2 m > 2, let n = 8s and m = 2t. See Table 9. 
Case 2: n- 1 (mod 8). 
For m=2, by Lemma 2(ii)(b), the existence of the Skolem sequence 1,1 provides 
solutions for all n>9. 
We list the remaining cases of n = 9: 
n=9 and m=4 
73% 3,9,6,3,5,7,8,2,6,2,9,1, LO, 8 
n=9 and m=6 
5,3,4,9,3,5,4,7,8,1,1,2,9,2,7,0,8 
n=9 and m=8 
5,9,7,4,2,5,2,4,6,7,9,1,1,3,6,0,3. 
For all n>m>2 and n>9, let n=8s+l and m=2t. See Table 10. 
Case 3: n=2 (mod 8). 
We list all cases for n = 10 
n= 10 and m=3 
5,8,4,9,10,5,4, ,6,7,8,1, 1,9,6,10,7,X ($2 
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Table 10 
j k 
1 +r  8s--r+ 1 8s--2r O<~r<~4s--t-- 1 
4s- t+ l  4s - - t+2 1 . . . . . . . . . . . .  
4s - t+r+3 4s+t - - r+ 1 2 t -2r -2  O<~r<~t--3 
4s+3 8s+2 4s--1 . . . . . . . . . . . .  
4s+r 12s- - r+3 8s- -2r+3 1 ~r~<2 
8s+2r+4 16s--2r+ 1 8s--4r--3 O~<r~<s--I 
8s+2r+3 16s--2r--2 8s -4r - -5  O<~r<~s--2 
12s+3 12s+5 2 . . . . . . . . . . . .  
los+ 1 los+4 3 . . . . . . . . . . . .  
10s+2r+3 14s--2r 4s - -4 r -3  O<~r<<.s--2 
10s+2r+6 14s--2r+ 1 4s - -4 r -  5 O~r<~s--3 
Table 11 
i j k 
1 +r  8s- r+2 8s -2r+l  O<~r<~4s--t-- 1 
4s- - t+ l  4s - - t+2 1 . . . . . . . . . . . .  
4s--t+r+3 4s+t - - r+2 2t--2r-- 1 O<~r<~t--3 
4s+ 1 8s+3 4s+2 . . . . . . . . . . . .  
4s+r+l  12s- - r+5 8s - -2r+4 1 ~<r<~3 
8s+2r+5 16s--2r+ 1 8s -4r - -4  O<~r<~s--2 
8s+2r+4 16s--2r--2 8s--4r--6 O<~r<~s--3 
los los+2 2 . . . . . . . . . . . .  
16s 16s+3 3 . . . . . . . . . . . .  
lOs+r+3 14s - r+3 4s--2r O~r~<2s--2 
n= 10 and  m=5 
9,7,  10,3,  1, 1 ,3 ,8 ,7 ,9 ,6 ,2 ,  10 ,2 ,4 ,8 ,6 ,0 ,4  
n= 10 and  m=7 
9 ,6 ,3 ,5 ,8 ,3 ,  10 ,6 ,5 ,9 ,  1, 1 ,8 ,2 ,4 ,2 ,  10 ,0 ,4  
n= 10 and  m=9 
8,6,  10,3,  1, 1 ,3 ,6 ,8 ,7 ,5 ,2 ,  10 ,2 ,4 ,  5, 7 ,0 ,4 .  
For  all n > m > 1 and  n > 10, let n = 8s + 2 and  m = 2t + 1. See Tab le  11. 
Case 4: n -  3 (mod 8). 
We l ist all cases  for  n = 11: 
n=l l  andm=3 
7 ,5 ,6 ,9 ,  11, 8 ,5 ,7 ,6 ,2 ,  10 ,2 ,9 ,8 ,4 ,  11, 1, 1, 4 ,0 ,  10 
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Table 12 
i 
l+r Ss-r+4 
4s-lf2 4s-t+3 
4s-t+r+4 4s+t-r+3 
8s+5 12s+3 
4s+r+2 12s-r+6 
8s+2r+7 16.v2r+5 
8s+2r+6 16s-2r+2 
14s+3 14s+5 
lOs+r+6 14s-r+2 
i k 
8s-2r+3 O<r<4s-t 
1 . . . . . . . . 
2t-2r-1 OGrgt-2 
4s-2 
8s-2r+4 1 <r<2 
8s-4r-2 O<r<s-1 
8s-4r-4 O<r<s-1 
2 
4s-Zr-4 O<r<2s-4 
n=ll and m=5 
8,10,7,3,11,9,3,6,8,7,2,10,2,6,9,11,4,1,1,0,4 
n= 11 and m=7 
5,3,4,10,3,5,4,11,6,8,2,9,2,10,6,1,1,8,11,0,9 
n= 11 and m=9 
7,10,6,3,11,8,3,7,6,5,2, 10,2,8,5,11,4,1,1,0,4 
n= 11 and m= 11 is a hooked Skolem sequence of order 10. 
For all nkm> 1 and II> 11, let n=8s+2 and m=2t+l. See Table 12. 
Case 5: n = 4 (mod 8). 
For m = 2, by Lemma 2(ii)(b), the existence of 1,l gives all cases of n > 12. We list the 
remaining cases of n = 4,12: 
n=4 and m=2 
4,1,1,3,4,0,3 
n =4 and m=4 is a hooked Skolem sequence of order 3. 
n= 12 and m=4 
12,10,8,6,1,1,7,11,9,6,8,10,12,7,2,5,2,9,11,3,5,0,3 
n=12 and m=6 
12,10,8,1,1,4,7,11,9,4,8,10,12,7,2,5,2,9,11,3,5,0,3 
n= 12 and m=8 
12,10,1,1,6,4,7,11,9,4,6,10,12,7,2,5,2,9,11,3,5,0,3 
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Table ! 3 
i j k 
1 +r  8s- - r+5 8s -2r  +4 O<~r<~4s--t+ 1 
4s- t+3 4s - - t+4 1 . . . . . . . . . . . .  
4s- t+r+5 4s+t - r+3 2t -2r -2  O<~r<~t-3 
8s+6 12s+3 4s -3  . . . . . . . . . . . .  
4s+r+2 12s - r+7 8s -2r+5 1 ~<r~<3 
8s+2r+8 16s -2r+5 8s -4r - -3  O<~r<~s- 1 
8s+2r+7 16s--2r+2 8s- -4r - -5  O<~r<~s--1 
14s+3 14s+5 2 . . . . . . . . . . . .  
16s+4 16s+ 7 3 . . . . . . . . . . . .  
lOs+2r+7 14s - -2 r+2 4s - -4 r - -5  O~<r~<2s--5 
Table 14 
i j k 
1 +r  8s- - r+5 8s - -2 r+4 O<~r<~4s--t+ 1 
4s- - t+3 4s - - t+4 1 . . . . . . . . . . . .  
4s--t +r + 5 4s +t - - r  + 3 2t - -2 r - -2  O<~r<~ t-- 3 
4s+3 8s+6 4s+3 . . . . . . . . . . . .  
4s+r+3 12s - - r+ 10 8s - -2 r+7 1 ~<r~<2 
8s+2r+8 16s - -2 r+9 8s - -4 r+ 1 O<<.r<~s--1 
8s+2r+7 16s - -2 r+6 8s--4r-- 1 O<~r<~s--2 
10s+5 10s+7 2 . . . . . . . . . . . .  
10s+r  +8 14s-- r+9 4s - -2 r+ I O<~r<~2s-- 1 
n=12 and m=10 
12,1,1,8,6,4,7,11,9,4,6,8,12,7,2,5,2,9,11,3,5,0,3 
n= 12 and m= 12 is a hooked Skolem sequence of order 11. 
For  n>~m>2 and n> 12, let n=8s+4 and m=2t. See Table 13. 
Case 6: n = 5 (mod 8). 
For  m=2,  Lemma 2(ii)(b) similar to above will give all n~> 13. 
We need only to list all cases for n = 5: 
n=5 and m=2 
4,5, 1, 1,4,3, 5,0, 3 
n = 5 and  m =4 
2,5,2,1,1,3,5,0,3.  
For  all n>m>2 and n>5,  let n=8s+5 and m=2t. See Table 14. 
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Table 15 
i j k 
1+r 
4s--t+3 
4s-t+r+5 
12sf7 
4s+r+3 
lOs+2r+7 
lOs+2r+ 10 
lOs+6 
8s+r+7 
8s-r+6 
4s--t+4 
4s+t-r+4 
16s+ll 
12s-r+ll 
14s-2r+9 
14s-2r+ 10 
lOs+8 
16s-r+9 
8s-2r+5 O<r<4s-tfl 
1 
2t-2r-1 O<r<t-2 
4s+4 . . . . . . . . . . 
8s~2r+8 1 frQ2 
4s-4r+2 O$r<s-1 
4s-4r OfrSs- I 
2 
8s-2r+2 O<r<2s-2 
Case 7: n G 6 (mod 8). 
We list all cases of n=6: 
n=6 and m=3 
5,L 1,4,6,5,2,4,2,0,6 
n=6 and m=5 
1, 1,3,4,6,3,2,4,2,0,6. 
For all n,m where n>m>l and n>6, let n=8s+6 and m=2t+l. See Table 15. 
Case 8: ns7 (mod 8). 
For m= 3, by Lemma Z(iv)(a), the existence of the hooked Skolem sequence 
1, 1,2,0,2, will give solutions to all cases of n> 15. 
We list all the remaining cases for n = 7,15: 
n=7 and m=3 
4,2,7,2,4,5,6,1,1,7,5,0,6 
n=7 and m=5 
6,4,2,7,2,46,1,1,3,7,0,3 
n=7 and m=7 is a hooked Skolem sequence of order 6. 
n= 15 and m=5 
14,12,10,15,7,4,2,13,2,4,11,7,10,12,14,8,3,9,15,3,13,11,6,8,1, 1,9,0,6 
n=15 and m=7 
8,6,11,12,13,14,15,6,8,9,10,3,4,11,3,12,4,13,9,14,10,15,2,5,2,1, l,O, 5 
n= 15 and m=9 
8,10,11,12,13,14,15,7,8,3,6,10,3,11,7,12,6,13,4,14,5,15,4,1,1,5,2,0,2 
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Table 16 
For n= 23 use only the lines ( * ), and then add the following (i, j) pairs: (26,38), 
(27,31), (28742). (2934% (30,36), (35,43), (37,40), (39,41) 
*1 +r 
*4s-t-k4 
*4s--t+r+6 
*4s+7 
Ss+lO 
8s+ll 
8s+2r+l3 
8s+2r+ 12 
*4s+r+3 
lOs+ 10 
lOs+2r+l3 
lOs+2r+l2 
14s+6 
14s+9 
14s+ll 
8s-r+8 
4s-t+5 
4s+t-r+5 
8sf9 
12s+6 
12s+ll 
16s-2r+ 13 
16s-2r+ 10 
12s-r+ll 
14s+8 
14s-2r+7 
14s-2r+4 
14s+ 10 
14s+ 12 
14s+ 13 
8s-2r+7 
1 
2t-2r- 1 
4s+2 
4s-4 
4s 
8s-4r 
8s-4r-2 
8s-2r+8 
4s-2 
4s-4r-6 
4s-4r-8 
4 
3 
O<r<4s-r+2 
...__.,,,.. 
O<r<r-3 
. . . . . . . . . 
. . . . . . . . 
O<r<s-1 
O<r<s-2 
1 QrG3 
O<r<s-3 
O<r<s-4 
n=15 and m=ll 
4,7,3,9,4,3,10,13,7,15,5,6,9,12,14,5,10,6,8,2,13,2,1,1,15,12, g,O, 14 
n=15 and m=13 
10,8,12,4,7,3,14,4,3,8,10,7,9,15,12,11,6,1, 1,5,14,9,6,2,5,2, 1, l,O, 15 
n = 15 and m = 15 is a hooked Skolem sequence of order 14. 
For all n>m>3 and n>15, let n=&+7 and m=2t+l. See Table 16. 
This completes the proof of Theorem 4. 0 
4. Conclusions 
The obvious generalization of the near-Skolem sequence is a near-Skolem sequence 
with more than one defect. For instance, a near-Skolem sequence of order n and 
defects m,,mz (ml dm2<n) is a sequence S’=(s1,s2, . . ..Q_~) of integers 
&E{1,2, . ..) ml--l,ml+l,...,mz-l,mz+l,...,n} which satisfies the following 
conditions: 
(1) For every kc{1,2 ,..., ml-l,ml+l ,..., m2-l,m2-2 ,..., n> there are exactly 
tW0 elements St,SjEY, such that Si=Sj=k. 
(2) If si=sj=k then j-i=k. 
For example 7,5,2,6,3,5,7,3,6 is a (1,4)-near-Skolem sequence of order 7, and 
1, 1,7,8,3,5,2,3,2,7,5,8, is a (4,6)-near-Skolem sequence of order 8. It is easy to see 
that the necessary conditions for the existence of such sequences are: If n E 0,l (mod 4) 
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then m,, mz must either be both odd or be both even, and if n=2,3 (mod 4) then 
ml and m, must be of opposite parity. However, to prove that this condition is 
sufficient does not appear to be feasible with our methods. 
Another interesting generalization is to consider adding rather than deleting one 
more difference. So an excess-Skolem sequence of order n and surplus 1 is a sequence 
S”=(s1,s2 ,..., s,,+Z)ofintegersSiE(1,2 )..., n} which satisfies the following conditions: 
(1) For every k~{1,2 ,..., 1-l,l+l,..., n> there are exactly two elements si,SjES”, 
such that Si=Sj=k and j-i=k. 
(2) There are exactly 4 elements si,sj,su, SUES”, such that Si=Sj=S~=Sb= 1, and 
j-i=b-a=l. 
For example 5,7,1,1,3,5,7,3,7,8,6,4,2,7,2,4,6,8, is a 7-excess-Skolem sequence 
of order 8. It is also easy to see that the necessary conditions for the existence of such 
sequences are: 
For n E 0,l (mod 4), 1 must be odd, and for n E 2,3 (mod 4), 1 must be even. 
It is also interesting to notice that settling the existence question for the extended 
Skolem sequences will imply the sufficiency of the above conditions for the excess- 
Skolem sequences. 
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